transforms. We also discuss the physical meaning of the ultra-violet parameter κ whose infinite value 92 corresponds to the limiting case in which it is shown to be possible to derive the standard functional 93 Schrödinger representation of QFT from precanonical quantization. 2. Quantum scalar field on a curved space-time: the canonical and precanonical descriptions 95 Let us recall that the conventional canonical quantization of scalar field theory in curved space-time can be formulated in the functional Schrödinger representation of QFT [24, 25] . It leads [17] [18] [19] [20] [21] [22] [23] ) to the description of the corresponding quantum field in terms of the Schrödinger wave functional Ψ([φ(x)], t) satisfying the Schrödinger equation
where the right hand side is the canonical Hamiltonian operator formulated in terms of functional 96 derivative operators, x µ = (t, x) = (t, x i ) are space-time coordinates, g µν is the space-time metric 97 tensor whose components depend on x µ , g = | det(g µν )|. In (1) one uses the space-time coordinates
98
adapted to the space-like foliation such as the induced metric on the space-like leaves of the foliation is 99 g ij , the lapse N = √ g 00 and the shift functions N i = g 0i = 0.
100
The precanonical quantization of a scalar field φ(x) on a curved space-time background given by the metric tensor g µν (x) (cf. [15, 16] ) gives rise to the description in terms of a wave function Ψ(φ, x µ ) on the finite-dimensional bundle with the coordinates (φ, x µ ) which takes values in the complexified space-time Clifford algebra, i.e. Ψ = ψ + ψ µ γ µ + 1 2! ψ µ 1 µ 2 γ µ 1 µ 2 + ... + 1 n! ψ µ 1 ...µ n γ µ 1 ...µ n , and satisfies the partial derivative precanonical Schrödinger equation (pSE)
where γ µ (x) are the curved space-time Dirac matrices such that
γ µ 1 ...µ p are the antisymmetrized products of p Dirac matrices,
is the covariant derivative with the spin-connection matrices ω µ (x) = 1 4 ω µ AB (x)γ AB (see e.g. [26] ) acting on Clifford-algebra-valued wave functions by the commutator product [32] , and γ A are the constant Dirac matrices which factorize the Minkowski metric η AB of the tangent space 1 :
The operator H in (2) Dirac matrices (3) and the spin-connection in the left-hand side of (2).
107
As we have seen, the description of quantum fields obtained from precanonical quantization is 108 very different from a familiar description of quantum fields derived from the canonical quantization.
109
In particular, while in the description using the functional Schrödinger picture the role of space space volume introduced by a regularization. Here we intend to extend this relationship to curved 134 space-time using the example of a quantum scalar field.
135
The Schrödinger wave functional Ψ([φ(x)], t) is interpreted as the probability amplitude of finding a field configuration φ(x) at some moment of time t. The precanonical wave function 1 We chose the signature + − − − .... Note that in this paper we depart from our notation in [16] where the flat Dirac matrices were denotedγ A . This notation can be confusing when the Dirac conjugate matrix has to be denoted asγ A . As for the rest, throughout this paper we mostly follow the notation and conventions used in [15, 16, 29, 30] . In particular, the plane capital Greek letters like Ψ and Φ denote wave functions on a finite dimensional space of φ and x µ and the boldface capital Greek letters like Ψ and Φ denote functionals of field configurations φ(x). Φ(φ, x) is the probability amplitude of observing the field value φ at the space-time point x. Then the time-dependent complex functional probability amplitude Ψ([φ(x)], t) can be expected to be a composition of space-time dependent Clifford-valued probability amplitudes given by the precanonical wave function Ψ(φ, x). It means that the Schrödinger wave functional Ψ([φ(x)], t) is a functional of precanonical wave functions Ψ(φ, x) restricted to a specific field configuration which is represented by a section Σ in the total space of the bundle with the coordinates (φ, x), which is defined by the equation Σ : φ = φ(x) at time t. Thus by denoting the restriction of precanonical wave function Ψ(φ, x) to Σ as
so that the time dependence of the wave functional Ψ is totally controlled by the time dependence of precanonical wave function restricted to Σ. Then the chain rule differentiation yields the time derivative of Ψ
where Ψ T denotes the transpose of the matrix Ψ. In the following we will be avoiding unnecessarily
Restriction of precanonical Schrödinger equation to Σ

138
The time derivative of Ψ Σ is determined by the restriction of pSE (2) rewritten in space+time split form to Σ:
where d dx i is the total derivative along Σ,
In (9) φ ,k denote the fiber coordinates of the first-jet bundle of the bundle of field varibles φ over space-time (cf. [40, 41] ) and H Σ is the restriction of the DW Hamiltonian operator H to Σ. Since H contains no space-time derivatives, H Σ = H and
3.1.1. Total covariant derivative
139
Let us introduce the notion of the total covariant derivative acting on Clifford-algebra-valued tensors, particularly on those restricted to Σ. The derivative will be called "total" in the sense that (i) when acting on a Clifford-valued tensor function T µ 1 µ 2 ... ν 1 ν 2 ... it includes both the spin-connection matrix ω µ and the Christoffel symbols Γ α βγ (c.f.
[36]) and (ii) when a tensor quantity with the components depending both on x and φ is restricted to Σ, its derivative with respect to x-s is understood in the sense of the total derivative (9):
The commutator in the second term guarantees that the total covariant derivative of the Clifford product of two Clifford-valued tensor quantities fulfills the Leibniz rule. The Christoffel symbols appear in the covariant derivative of non-scalar Clifford quantities, e.g. in the condition of metric compatibility ∇
where only the first partial derivative term in (9) is non-vanishing when acting on x-dependent 140 γ-matrices.
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Now, in terms of the total covariant derivative ∇ tot acting on Ψ Σ eq. (8) takes the form
Time evolution of the Schrödinger wave functional from pSE 142
From (7), (8) and (10) the equation of the time evolution of the wave functional (6) constructed from precanonical wave functions takes the form
In order to derive from this equation the functional derivative Schrödinger equation (1) we need to try 143 to express the terms in the right hand side of (14) in terms of the functional derivatives f the composite 144 functional Ψ in (6) with respect to φ(x). Those are calculated in the following section. By using the chain rule for the functional differentiation and introducing the notations
and
we obtain
whereδ denotes the partial functional derivative with respect to φ(x), as opposite to the total functional 147 derivative δ, and δ(0) is a regularized value of δΨ Σ (x)/δΨ T Σ (x ) at x = x which can be defined using a 148 point splitting or lattice regularization to make sense of (n
equal points. This is the simplest regularization one may use to make sense of the second functional 150 derivative at equal points which appears in the functional derivative Schrödinger equation (1). Our starting observation will be that the term V in (14) has to reproduce the last term in the functional derivative Schrödinger equation (1) . This means that there exists a mapping → such that
The existence of the map in (19) implies that the following relation should be fulfilled at any spatial point x:
Then the functional differentiation of both sides of (20) with respect to
where again,
. This type of relation is possible if
and 1
The latter relation can be understood as the condition
By taking into account that √ g = g 00 h, where h := | det(g ij )|, and γ 0 √ g 00 = γ 0 is the time-like tangent Minkowski space Dirac matrix, eq. (24) can be rewritten as Our next observation is that the term IV in (14) is able to reproduce the first term in the right-hand side of (18) in the limiting case (24)
A comparison with (18) shows that the term IV in (14) leads to the following expression in functional derivatives of Ψ:
The first term in the right-hand side of (27) correctly reproduces the first term in the functional 159 derivative Schrödinger equation (1). However, the second and the third term need further investigation. Since the right hand side of (14) is expected to lead to a functional derivative operator acting on the wave functional Ψ, as in the right hand side of the functional Schrödinger equation (1), the second term in (27) with ∂ φ Ψ Σ has to be cancelled by the term I I in (14) which also contains ∂ φ Ψ Σ . Therefore, it is required that
where the sign → stresses the fact that it is sufficient that the left hand side vanishes under the condition (24) rather than as an equality. In fact, by functionally differentiating both sides of (28) with respect to φ(x ) we can see that (28) with → replaced by the equality is not an integrable equation in functional derivatives. Nevertheless, by bearing in mind that (28) has to be valid only under the condition (24), the solution for Φ(x) can be written in the form
where the "integration constant" Ξ([Ψ Σ ];x) is a functional of Ψ Σ (x ) on the punctured space with the removed point x such that that x = x. By construction, this functional satisfies the identitȳ
Indeed, by differentiating (29) with respect to φ(x), replacing κ according to the limiting map (24), and taking into account that γ 0 (x)γ 0 (x) =: g 00 (x) and ∂ i δ(0) = 0 (that restricts the admissible class of regularizatons of delta-function δ(x)) we conclude that (29) solves (28) under the condition (24). Note also that (29) by construction fulfills
which is consistent with (22). Thus the required cancellation of the terms with ∂ φ Ψ Σ (x) (under the condition (24)) fixes the form of the functional Φ(x) introduced in (15). This allows us to express the wave functional Ψ in the form
valid at any point x. Here the equality up to a normalization factor which will depend on κ and √ g is 
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Using (31) we can now evaluate the last term in (27) in the limit (24):
3-rd term of (27): 1 2
The right hand side of (32) correctly reproduces the second term in the functional derivative
165
Schrödinger equation (1), thus correctly accounting for the inherent non-ultralocality of quantum 166 relativistic scalar field theory (cf.
[42]) in curved space-time.
167
Thus, all terms in the functional derivative Schrödinger equation (1) are now derived from pSE restricted to Σ, eq. (8). However, there are still unaccounted for terms I, I I Ia and I I Ib in (14) At first we consider the first term in (33). Using the covariant Stokes theorem we obtain
where dx i = d n−2 x| ∂Σ n i (x) is the measure of (n − 2)-dimensional integration over the boundary ∂Σ 172 with the normal vector n i (x) tangent to Σ. In the right hand side of (34), 
By noticing that the last term in (35) vanishes due to (12) and substituting (35) into the last term in (34), using the covariant Stokes theorem and the assumption that the field configurations φ(x) vanish at the spatial infinity, we obtain dx Tr Φ(x) 1
where we use in the first equality the fact that Tr Φ(x) 
184
By combining the above considerations we obtain from (14) the following equation for the functional Ψ:
We see that the first three terms in the right hand side reproduce the canonical Hamiltonian operator In static space-times, when ω 0 = 0, equation (37) coincides with the canonical functional derivative Schrödinger equation (1) . Thus the latter is derived from the precanonical Schrödinger equation as the limiting case corresponding to (24). In this case, we can also specify the functional Ξ([Ψ Σ (x)],x) in (31) by combining the observations presented above together and noticing that the relation (31) is valid at any given point x. This is possible only if the functional Ψ is the continual product of identical terms at all points x, namely,
where ∼ means an equality up to a normalization factor which includes κ and √ h.
190
The formal continual product expression in (38) can be understood as the multidimensional product integral [37,38]
where the notation of the product integral of matrix-valued functions F(x) as proposed by R. Gill [39] (and implemented in the L A T E X package prodint) is used
The expression in (39) In (1 + 1)-dimensional space-time, the product integral above is given by the well known path-ordered exponential, or the Peano-Baker series (also known as the Dyson series in the context of perturbative QFT and the path-ordered phase related to the Wilson loop in gauge theory), cf. eq. (53) below. A multidimensional generalization is briefly discussed in the books [37, 38] and probably needs further refinement. However, in our case, instead of defining the product integral of arbitrary non-commutative matrices, we need only the trace of the product integral of Clifford-algebra valued functions. This significantly simplifies the task of defining the expression (39) mathematically. For example, in the one-dimensional case, the taking of the trace of each of the terms in the series expansion of the ordered exponential in (53)) implies that the matrices under the integrals in the series expansion of the trace of product integral are multiplied in the cycling permuted way, which can be generalized to the multidimensional case, rather than a time-ordered one, which implies a one-parameter ordering whose multidimensional generalization is problematic. Then, if the corresponding limit exists,
where P(N) denotes all permutations of (1, 2, ..., N), the volume of integration V x is partitioned into which does contribute to the time evolution of the wave functional Ψ:
By substituting Ψ Σ in the form
we obtain i∂ t Ψ Σ = e
in the left hand side of (42) and
in the right hand side. Hence, Φ Σ obeys
where
Obviously, γ 0 (x) γ 0 (x) = γ 0 (x)γ 0 (x) = g 00 (x), hence the transformation in (47) is a Clifford algebra 203 isomorphism.
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From (46) one can conclude that Φ Σ can be written in the form
where Φ × Σ is a scalar function such that
In terms of scalar function Φ × Σ eq. (39) takes the form
where we use the projector property of the matrix 1 + γ 0 . Obviously, the multidimensional product In non-static space-times, when ω 0 = 0, the last term in (37) does not allow us to obtain a close equation for the functional Ψ. In order to find a way out, let us write the effective equation similar to (42) which governs the time evolution of Ψ Σ , with the term I and the spatial part of the term I I Ia in (14), which are proven in (34) to have no contribution to ∂ t Ψ, removed:
We first note that by transforming Ψ Σ as follows:
(1 − ω 0 (x, s)) ds
is the tranformation determined by the time-ordered exponential, we obtain
Then
As the transformation U affects only the terms with γ µ -s,
It is easy to check that
Hence the U-transformation is just a local automorphism of the Clifford algebra of space-time.
209
Using (55) one can write
By comparing it with (7) and (8) we conclude that the results in static space-times with ω 0 = 0 are 210 generalized to non-static space-times with ω 0 = 0 using the dictionary:
with U given by the path-ordered exponential in (53). Then, the wave functional (39) rewritten in terms of the primed objects:
represents, up to a normalization factor, the Schrödinger wave functional in terms of precanonical wave functions in an arbitrary curved space-time and it satisfies (37) without the last term, i.e. the functional derivative Schrödinger equation (1) . Using the same steps as in the static case, this complicated expression can be transformed to the product integral of the scalar function 
Conclusion
224
We explored a connection between the description of an interacting quantum scalar field in curved 
254
These results generalize to arbitrary curved space-times (whose metric is represented in Gaussian ∼ 10 2 MeV. We hope to clarify the nature of κ in our forthcoming work.
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